Thermodynamics of the first-order vortex lattice melting transition in
  YBa$_2$Cu$_3$O$_{7-\delta}$ by Dodgson, Matthew J. W. et al.
ar
X
iv
:c
on
d-
m
at
/9
71
21
45
v1
  [
co
nd
-m
at.
su
pr
-co
n]
  1
2 D
ec
 19
97
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Using the London approximation within the high field scaling regime, we calculate the jump in
the specific heat ∆c at the first–order melting transition of the vortex lattice in YBa2Cu3O7−δ. This
has recently been measured [A. Schilling et al., Phys. Rev. Lett. 78, 4833 (1997)] and reported to
be at least 100 times higher than expected from the fluctuations of field induced vortices alone. We
demonstrate how the correct treatment of the temperature dependence of the model parameters,
which are singular at the mean–field Bc2 line, leads to good agreement between the predictions of
the London model and the size of the experimental jump. In addition, we consider the changes in
the slopes of the magnetization ∆(∂M/∂T ) and ∆(∂M/∂H) at the transition. Using continuum
anisotropic scaling theory we demonstrate the consistency of measurements at different angles of
the magnetic field with respect to the crystal c-axis.
PACS numbers: 74.60.Ec, 74.60.Ge
I. INTRODUCTION
In a recent paper1 we calculated the size of the jumps
in the entropy and magnetization at the vortex–lattice
melting transition within the London model. We have
shown that, by correctly treating the temperature de-
pendence of the model parameters, and knowing the vol-
ume of the relevant fluctuation degrees of freedom, good
agreement is obtained with the experimental results in
both YBa2Cu3O7−δ (YBCO) and Bi2Sr2Ca1Cu2O8 (BiS-
CCO) superconductors. The analysis contains only one
unknown number, which can be taken from numerical
simulations. The importance of these results is that they
settle a controversy of recent years: it had been thought
that the observed jumps of order 1 kB per vortex per
layer2,3 are incompatible with a simple melting scenario
based on fluctuations of field induced vortices alone. Our
analysis has demonstrated that there is no incompatibil-
ity because the temperature dependence of the model
parameters reflects the underlying microscopic degrees
of freedom. This allows the correct size of jumps to be
found without having to explicitly include extra fluctua-
tions.
Another characteristic of the melting transition is the
jump in the specific heat capacity ∆c = T∆(∂s/∂T ) =
−T∆(∂2g/∂T 2), where g is the Gibbs free energy den-
sity. There have been careful measurements of this in
YBCO,4,5 and in Ref. 4 it was claimed that the step in
the specific heat is at least one hundred times too large
to be explained by the extra fluctuations of the trans-
lational degrees of freedom in the vortex liquid. The
main purpose of this paper is to explain the size of the
specific heat step using the London model, following the
same approach of Ref. 1. We emphasize that at the rel-
evant melting fields in the YBCO system, the penetra-
tion depth λ(T ) is much larger than the distance between
vortices a0 ∼ (Φ0/B)1/2 (B is the magnetic induction, or
flux density, and Φ0 is the flux quantum). In this regime
the London model has simple scaling properties, which
may be used to find the exact form of the jumps at the
transition.
In the next section we calculate the heat capac-
ity within the London model, and compare our es-
timated jump at the transition with the experimen-
tal values. In Sec. III we consider the jumps in
the magnetization slopes ∆(∂M/∂T ) = −∆(∂2g/∂H∂T )
and ∆(∂M/∂H) = −∆(∂2g/∂H2) and find results con-
sistent with experimental values given by Welp et al.6
We also take the opportunity to compare the jumps in
the entropy and the specific heat between a system at
constant external field (the experimental scenario) and
a system at constant vortex density (the case for most
simulations). Finally in Sec. IV we consider the effects of
rotating the magnetic field away from the c-axis, as has
been done in recent specific heat measurements.4,7
II. THE HEAT CAPACITY IN THE LONDON
MODEL
We first consider an isotropic superconductor in the
mixed state. Within the London approximation, the
magnitude of the superconducting order parameter is
taken to be constant, except within the vortex cores,
which are assumed to be much smaller than the distance
between vortices. These assumptions will hold at low
enough fields below the upper critical field Hc2. The free
energy of the system can then be expressed as a sum over
pairwise interactions between vortex segments,8 i.e.
1
FL[{rµ}] = ε0
2
∑
µν
∫
drµ · drν e
−|rµ−rν |/λ
|rµ − rν | . (1)
Disregarding the small distance cut-off, ξ, there are two
length scales in this problem: the London screening
length λ and the average distance between vortices a0.
The energy scale per unit length ε0 is equal to (Φ0/4πλ)
2.
It is simple to include a uniaxial anisotropy into the
model when the effective mass in the field direction is dif-
ferent from the other two perpendicular directions: For
a ratio of mab/mc = ε
2, the lengths in the field direction
are scaled by ε.
The experiments of interest are carried out at constant
external field H . For the case of large field melting, as in
YBCO, the magnetization is small and B ≈ H . In this
regime we have a0 ≪ λ and the London free energy takes
a simple scaling form,8
FL[{rµ}] ≈ εa0ε0fL[{sµ}], (2)
where sµ = (xµ, yµ, zµ/ε)/a0 are dimensionless posi-
tion vectors and fL[{sµ}] is a dimensionless functional
independent of λ. The thermodynamic properties of
the system are determined by the partition function,
Z = Tr exp (−εa0ε0fL[{sµ}]/T ). Notice that one may
think of τ = T/εa0ε0 as an effective dimensionless tem-
perature. From the standard thermodynamic relations,
F = −T lnZ, S = −(∂F/∂T )B, and E = F + TS, the
entropy is
S = −F
T
+
〈F〉
T
−
〈
∂F
∂T
〉
. (3)
The contribution S0 = (〈F〉−F )/T may be thought of as
the configurational entropy of the coarse grained model,
while the last term in (3) represents additional contribu-
tions from the underlying microscopic degrees of freedom
that appear in the temperature dependence of the model
parameters.
In the London model we must include the temperature
dependence of the energy scale ε0(T ) which we show in
Ref. 1 to be important for an adequate determination of
the jump in the entropy at the melting transition. Using
the scaling of Eq. (2), the entropy jump is1
∆S =
(
1− T
ε0
dε0
dT
)
∆S0 =
(1 + t2)
(1 − t2)∆S0. (4)
The last form in Eq. (4) uses the phenomenological tem-
perature dependence of the penetration depth, λ(T )2 =
λ20/(1− t2), where t = T/Tc is the reduced temperature.
The length λ0 is found from fitting this form to the slope
of 1/λ(T )2 as the zero field transition temperature Tc is
approached,9 which for YBCO gives λ0 =1300 A˚.
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FIG. 1. The configurational average of the London free en-
ergy for temperatures near melting, as measured in the simu-
lations of Ref. 10 for a system of 81 lines, in the incompressible
limit a0 ≪ λ. The dashed lines are straight line fits for the
solid and liquid phases.
The configurational entropy jump ∆S0 may be deter-
mined from numerical simulations. In the recent simula-
tions of Nordborg and Blatter10 the expectation value of
fL[{sµ}] is measured at different temperatures for a sys-
tem at infinite λ, the results of which we show in Fig. 1.
This simulation uses the approximation of only including
interactions within the same plane perpendicular to the
external field, i.e., “retarded” interactions (in the Bose
language8) are ignored. The volume of the system is
V = LzNa
2
0
√
3/2 with the number of vortices given by
N , and the system length in the field direction equal to
Lz (periodic boundary conditions were used in all three
directions). Inspection of Fig. 1 gives
∆S0 =
∆〈fL〉
τm
≈ 0.17NLz/a0, (5)
where the transition occurs at τ = τm = 0.088. Eq. (5)
shows that the jump in configurational entropy is a
constant per elementary degree of freedom: ∆S0 =
0.17V/Vedf, where Vedf = εa0Φ0/B ≈ εa30. The scal-
ing factor (1+ t2)/(1− t2) in (4) then leads to a constant
jump in entropy per vortex per superconducting layer.
In Ref. 1 this was found to be ∆Sd ≈ 0.4kB when YBCO
parameters were used, consistent with the experimental
result measured in Ref. 3.
The main point of this paper is to apply similar con-
siderations to the heat capacity. This can be defined
for changes at constant field H or at constant flux den-
sity B. In the incompressible limit (which coincides with
λ/a0 →∞) these will be the same, and
CH = CB = T
(
∂S
∂T
)
B
=
(
∂E
∂T
)
B
. (6)
(In the next section we will consider the difference
2
CH − CB for a compressible system, and show that the
difference between the jump in specific heat at constant
B and at constant H is negligible on the YBCO melting
line.) We again use the results of Ref. 10 (shown here in
Fig. 1) but this time to determine the jump in the heat
capacity.
Let us first assume that ε0 is independent of temper-
ature. Using (6), the heat capacity at constant density
takes the form,
CB0 =
∂
∂τ
〈fL〉 = 〈fL
2〉 − 〈fL〉2
τ2
. (7)
Note that this “bare” heat capacity is simply a measure
of the amplitude of energy fluctuations, which can be
expected to jump at the transition from solid to liquid.
It turns out that the first form is more accurate to use,
once many temperatures have been sampled in the sim-
ulations. The change in slopes in Fig. 1 gives the result
∆CB0 ≈ 0.38NLz/a0. (8)
This is interpreted as a jump in heat capacity of 0.38 kB
per vortex degree of freedom (defined above). As
Schilling et al. point out, this result is far too small to
account for the jump in specific heat observed in their
experiment. However, we have neglected the additional
terms arising from the temperature dependent parame-
ters, which we have seen give dominant contributions to
the entropy jump close to Tc. For a general temperature
dependence of the energy scale ε0(T ), we find that the
heat capacity is,
CB = −T
2
ε0
d2ε0
dT 2
〈fL〉
τ
+
(
1− T
ε0
dε0
dT
)2
CB0. (9)
Note that we need both results (8) and (5) to find the
jump in CB , although as Tc is approached and ε0 → 0,
the last term in (9) dominates.
In the following, we consider a more complex depen-
dence for the energy scale of the vortex system ǫ0(T ) than
was used in Ref. 1 and include a correction that accounts
for the suppression in the superconducting density as the
mean-field Bc2 line is approached. This Bc2 correction is
important for a quantitative fit to London theory of the
melting line of YBCO at fields above 1–2 T. While good
agreement for the entropy jump was found in Ref. 1 be-
tween the prediction of the uncorrected London theory
and the experimental values, we will see that the spe-
cific heat jump determined from (9) is more sensitive to
the exact form of the melting line. This is because the
terms arising from the internal temperature dependence
of ε0(T ) are more strongly diverging in this case than for
the entropy jump in Eq. (4).
In the limit B ≈ Bc2, the system is described by
Ginzburg-Landau (GL) theory, with an order pa-
rameter ψ restricted to the lowest Landau level.11
The GL free energy takes the form FGL =∫
d3r
[−α|ψ|2 + β|ψ|4 + γ|∂ψ/∂z|2], where α(T,B) =
α0(1 − b) and b = B/Bc2(T ) (see for example Ref. 12).
Notice the dimensional reduction in the derivative term;
there is a diverging GL coherence length in the field di-
rection only.13 The only length scale remaining in the two
perpendicular directions is the magnetic length a0. The
order parameter scale is |ψ0|2 = α/2β and the conden-
sation energy scale is 2α|ψ0|2 = α2/β. For this reason,
the shear modulus has the behavior c66 ∼ (1 − b)2 (as
calculated by Labusch14). However, the tilt modulus at
short wavelengths (equivalent to the superfluid density in
the z-direction) has a linear dependence15 c44 ∼ (1 − b).
(The correct thermodynamic limit of a constant c44 as
kz → 0 is not captured by the above LLL free energy,
which is restricted to wavelengths below the penetration
depth, kz > 1/λ. The full calculation in Ref. 15 recovers
this limit within GL theory.)
Our intention is to use an effective pairwise interaction
in (1) that gives the London model at low fields, but with
the correct elastic moduli in the high field limit. We take
the scale of interactions to be ε˜0(T ) = ε0(T )(1−b)2. This
then accounts for the suppression of the order parameter
around both vortex segments in an interaction term. To
account for the increasing stiffness in the field direction
we scale the effective anisotropy ε˜ = ε(1 − b)−1/2. Us-
ing these effective parameters in the London model we
find c66 ∝ b(1 − b)2, in agreement with the results of
GL theory at intermediate fields that have recently been
calculated,16 and c44 ∝ (1 − b). A similar extrapolation
technique was used twenty years ago by Brandt.17 Con-
verting the effective London system (with energy scale
ε˜0 and anisotropy ε˜) to an isotropic one by scaling all
lengths in the field direction, as in Eq. (2), gives the
overall energy scale factor,
εeff0 = [ε˜0 · ε˜2ε˜0]1/2 = εε00(1− t2)(1 − b)3/2 (10)
= εε00(1− t2 − b˜)3/2(1− t2)−1/2,
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FIG. 2. London scaling fits to the melting line observed
in Ref. 3 (circles) with (full line) and without (dashed line)
Hc2 corrections. The Hc2 line we used in shown as the dotted
line. The parameters used are given in the text.
3
with ε00 = (Φ0/4πλ0)
2. In the last line we have as-
sumed the form Bc2(T ) = Bc2(0)(1 − t2) and written
b˜ = B/Bc2(0).
We now compare our results to the measurements of
Schilling et al.3,4 and concentrate on the case where the
field is directed perpendicular to the CuO2 layers. In
the scaling regime, the melting line is described by a
fixed value of τ = τm, i.e. Tm = ga0(B)ε
eff
0 (Tm, B).
In Fig. 2 we show our fit to the experimental melting
line, where we find a value of g ≈ 0.21 (this corresponds
to a Lindemann number of cL = 0.24 when the melt-
ing line from the Lindemann criterion is written in the
standard form8 of Tm ≈ 2
√
πc2Lεε0a0). To obtain this
fit we took the physical values: Tc = 93 K, ε = 1/8,
dHc2/dT |T=Tc = 1.8 TK−1, λ0 = 1300 A˚. In Fig. 2 we
also show our fit without including Bc2 corrections, which
leads to a value of g = 0.13, or cL = 0.19.
With (10) the formula for the entropy jump in (4) now
becomes,
∆S =
[1− b˜+ (2b˜− t2)t2]
(1− t2 − b˜)(1 − t2) ∆S0. (11)
Note that the factor on the RHS now diverges at the
Bc2 line rather than at Tc. In Fig. 3 we compare our
predictions for the entropy jump per vortex per layer,
calculated with and without Bc2 corrections, to the ex-
perimental values of Ref. 3. Interestingly, there is little
difference between the two approaches in this tempera-
ture regime.
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FIG. 3. The calculated entropy jump per vortex per layer
(solid line). For comparison the results when Bc2 corrections
are not included are also shown (dashed line). Both curves are
within the error bars of the experimental values from Ref. 3.
Substituting (10) into (9) leads to
∆CB=
[1− b˜+ t2(2b˜− t2)]2
[(1− t2)(1 − t2 − b˜)]2 ∆CB0 + (12)
+
t2[2(1− t2)3 − b˜(1− t2)2 − b˜2(1 + 2t2)]
[(1− t2)(1 − t2 − b˜)]2 ∆
〈fL〉
τ
.
The result for ∆CB in (12) combined with (8) and (5)
tells us the jump in the heat capacity per degree of free-
dom (i.e., per volume Vedf), which diverges as Tc is ap-
proached. Indeed, we find that over the region of tem-
peratures where measurements have been performed, the
heat capacity jump is of order 100 kB per vortex degree
of freedom. Because the melting field falls to zero, the
volume of a degree of freedom also diverges in this limit,
such that the heat capacity jump in a physical sample
of fixed volume drops to zero, ∆CB ∝ (1 − t2), on ap-
proaching Tc. In Ref. 4 the results for the jump in heat
capacity are expressed for a fixed volume. The specific
heat is defined as the heat capacity in a mole of YBCO
which fills a volume Vmol = 1.05 × 10−4m3 (this is the
volume of 6.02×1023 unit cells). We therefore convert to
the specific heat jump ∆cB = (Vmol/V )∆CB and make
use of the fit to the melting line of Fig. 2 in Eq. (8),
∆CB0 ≈ 0.38V/Vedf ∝ B3/2m (T ).
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FIG. 4. The calculated jump in specific heat (solid line)
with the units used in Ref. 4, and the measured points from
that paper. In this case there is a significant difference from
the calculation ignoring Bc2 corrections (dashed line)
Our result for the specific heat jump per molar volume
is shown in Fig. 4 along with the experimentally mea-
sured points. This shows that we can explain the size of
the specific heat jump within about 50% accuracy. We
should not expect a much better agreement as we ex-
trapolate the London approximation into a region where
it will not be exact and also neglect the effects of dis-
order. In fact, the measurements of the magnetization
jump in Ref. 6 show ∆B falling to zero at a temperature
several Kelvin below Tc, and this is usually attributed
to the effects of quenched disorder which may smooth
the jumps at a first-order transition.18 There may be a
similar explanation behind the non-monotonic behavior
4
in the experimental value of ∆c. Nevertheless, the im-
portant point here is that the size of the experimentally
observed jumps in the specific heat are consistent with a
model that only includes field induced vortices.
III. THE MAGNETIZATION AND ITS
DERIVATIVES
The aim of this section is to use our results for the en-
tropy and specific heat jumps from the previous section
to calculate the jumps in the derivatives of B (or in the
magnetization M = (B −H)/4π) with respect to H and
T . We first introduce the Clausius-Clapeyron relation,
and then describe the conditions under which the jump
in entropy in a system at constant external field H is the
same as the entropy jump in a system of fixed flux density
B. We need these conditions to hold in order to justify
our application of the results of Section II, which we cal-
culated at constant B, to the experimental results, which
are measured at constant H . After ensuring that these
conditions are fulfilled for the melting line of YBCO, we
then calculate the jumps in the thermal compressibility
∆(∂B/∂T )H and in the susceptibility ∆(∂B/∂H)T . Fi-
nally we will be in a position to describe the conditions
for the specific heat jump to be approximately the same
in a constant B system compared to that in a constant
H system, and then verify that these conditions are also
satisfied.
At the first-order transition of a system at constant
field H , the continuity of the Gibbs free energy G =
F − (BH/4π)V leads to the Clausius-Clapeyron equa-
tion
∆s = − 1
4π
dHm
dT
∆B, (13)
relating the jump in flux density ∆B to the melting
line Hm(T ) and the jump in the entropy density ∆s.
In the previous section we calculated the jumps in en-
tropy and heat capacity for a transition at fixed B, us-
ing the scaling form of the London model [see Eq. (4)].
An important difference between the melting transition
at constant B and at constant H is that in the former,
coexistence occurs over a finite temperature region, see
Fig. 5. The entropy jumps at constant H and constant
B will not be the same: We must take into account the
different values of B on either side of the constant H
transition, ∆B|H = Bf(H,Tm) − Bs(H,Tm), and also
the width in temperature of the constant B transition,
∆T |B = T fm(B)− T sm(B) [the symbol s denotes the solid
(lattice) phase, while the symbol f is for the fluid (liquid)
phase]. The entropy jump at constant B is defined as
sf(B, T fm) − ss(B, T sm) as shown in Fig. 6, which to first
order in ∆T is
∆s|B = sf(B, T sm)− ss(B, T sm) +
cfB
T fm
∆T |B. (14)
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FIG. 5. Schematic phase diagrams in the H-T plane,
showing the phase boundary Hm(T ), and the B-T plane,
showing a region of coexistence of the fluid and lattice phases
between the two boundaries Bs(T ) and Bf(T ). a) A path
is shown for increasing temperature at constant external H ,
crossing a sharp phase transition at Tm(H). In the B-T plane,
the coexistence region is crossed at constant T , with a jump
in induction ∆B|H . b) The path for increasing temperature
at constant B is shown. While traversing the coexistence re-
gion, the path remains on the phase boundary Hm(T ) in the
H-T plane. There is a well defined width of the transition,
∆T |B.
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FIG. 6. Schematic graph of the entropy as the melting
transition is crossed at constant flux density B. The en-
tropy jump is defined across the whole width of the transition,
∆s|B = s
f(B, T fm)− s
s(B, T sm).
We can now relate the entropy jump at fixed H to that
at fixed B,
5
∆s|H = sf(Hm, T )− ss(Hm, T )
= sf(Bsm, T )− ss(Bsm, T ) +
(
∂sf
∂B
)
T
∆B|H
= ∆s|Bs
m
+
1
4π
(
∂H f
∂B
)
T
(
∂Bf
∂T
)
H
∆B|H −
−c
f
B
T
∆T |Bs
m
, (15)
where in the last line we have used the Maxwell relation(
∂s
∂B
)
T
= − 1
4π
(
∂H
∂T
)
B
=
1
4π
(
∂H
∂B
)
T
(
∂B
∂T
)
H
.
(16)
Equation (15) shows that there are two terms that lead
to corrections in the entropy jump at fixed B compared
to fixed H . The physical explanation is that the latent
heat at fixed H includes the magnetic work done to in-
crease the flux density by ∆B|H , while at fixed B there
is an extra heat increase due to the temperature increase
across the transition ∆T |B. Our results for the entropy
jump at constant B will only be valid at constant H ,
∆s|H ≈ ∆s|B=B(H), if the two conditions
cfB
T
∆T |Bs
m
≪ ∆s|H (17)
1
4π
(
∂H f
∂B
)
T
(
∂Bf
∂T
)
H
∆B|H ≪ ∆s|H (18)
are fulfilled.
To apply the results of the previous section, we must
check the above conditions for the case of vortex-lattice
melting in YBCO. We first consider the term arising from
the temperature increase across the constant B melting
transition. By writing ∆B|H ≈ (dBm/dT )∆T |B (see
Fig. 5), and using the Clausius-Clapeyron relation (13),
we can express the condition (17) in the form,
cfB
T
≪ 1
4π
(
dBm
dT
)2
. (19)
Using the numerical results presented in the previous sec-
tion, the total heat capacity at the YBCO melting tran-
sition is of order cB/T ≈ 10 Jm−3K−2. From Fig. 2
we have dHm/dT ≈ −0.7TK−1 on the melting line of
YBCO, which gives (dHm/dT )
2/4π ≈ 4×105 Jm−3K−2.
Therefore this condition is well satisfied on the YBCO
melting line. Finally, we consider the term involving
the jump in flux density at the transition with fixed H .
If we insert the Clausius-Clapeyron relation (13) into
the RHS of condition (18) we find that the condition
is equivalent to (∂Bf/∂T )H ≪ dHm/dT , which is to
say that the thermal compressibility of the vortex sys-
tem (∂Bf/∂T )H = 4π(∂M
f/∂T )H must be smaller than
the slope of the melting line. This is satisfied as long
as the magnetization (which is of order the lower criti-
cal field Hc1) is less than the melting field, Hc1 ≪ Hm,
which is the case for vortex lattice melting in YBCO. We
have therefore confirmed in our regime of interest (the
large field scaling limit) that the same entropy jump is
found for a transition at constant H and at constant B.
If we also take Bm(T ) = Hm(T ), we can calculate ∆B in
the scaling regime using the Clausius-Clapeyron relation
(13). This reasoning was used in Ref. 1 and excellent
agreement was found between the London model predic-
tions and the measured values of ∆B in YBCO by Welp
et al.6,3
We now calculate the jumps in the derivatives of the
magnetization. Consider a quantity X(T,H) which is
discontinuous at the melting field Hm(T ) with a jump
∆X(T ). The total temperature derivative of the jump in
X (defined along the melting line) is then
d∆X
dT
= ∆
(
∂X
∂T
)
H
+
dHm
dT
∆
(
∂X
∂H
)
T
. (20)
Note that inserting X = G, the Gibbs free energy which
is continuous, simply gives the Clausius-Clapeyron equa-
tion. Applying (20) to the entropy jump by taking
X = s, and using the Maxwell relation 4π(∂s/∂H)T =
(∂B/∂T )H, we find
1
4π
dHm
dT
∆
(
∂B
∂T
)
H
= −∆cH
T
+
d∆s
dT
. (21)
This allows us to find ∆(∂B/∂T )H once we know the cor-
responding discontinuities in the calorimetric quantities
cH and s. In the SQUID measurements of the magne-
tization in Ref. 6, an experimental value is found at a
field of H = 4.2T of ∆(∂B/∂T )H = 4π∆(∂M/∂T )H ≈
0.2 GK−1 (the accuracy is only of order 50%). We con-
vert from magnetic energy units to calorimetric units
using 1 erg cm−3 ≡ 0.1 J m−3 = 0.011mJ mol−1 for
YBCO. For the specific heat jump we take ∆cH ≈
∆cB = 1 mJ mol
−1K−2 from Fig. 4. We calculate
∆s = ∆S/V from Eqs. (4) and (5) giving d∆s/dT =
−0.35mJ mol−1K−2 at a field of Hm = 4.2T. Insert-
ing these results into (21) along with the melting slope
of dHm/dT = −0.7TK−1, we find ∆(∂B/∂T )H =
0.23GK−1 consistent with the experimental value at this
field.
We now use two further relations between these
jumps which will allow the jump in the susceptibility,
∆(∂B/∂H)T , to be calculated. The total derivative with
respect to temperature of (13) may be written as
∆cH = − T
4π
[
2
dHm
dT
∆
(
∂B
∂T
)
H
+
+
(
dHm
dT
)2
∆
(
∂B
∂H
)
T
+
d2Hm
dT 2
∆B
]
. (22)
This equation was used in Ref. 4 to successfully test the
thermodynamic consistency of the observed specific heat
jump with the magnetization measurements of Welp et
6
al.6 Combining this with (21) gives an equation for the
jump in (∂B/∂H)T in terms of calorimetric quantities
only,
1
4π
(
dHm
dT
)3
∆
(
∂B
∂H
)
T
=
dHm
dT
(
∆cH
T
− 2d∆s
dT
)
+
+
d2Hm
dT 2
∆s. (23)
Note that this may also be derived by inserting X =
B in Eq. (20) and using the Clausius-Clapeyron re-
lation. We find this jump along the melting line of
YBCO to be of order ∆(∂B/∂H)T ≈ 10−5G/Oe, con-
sistent with the assumption that B ≈ H . However,
we must be careful about ignoring this term. For in-
stance, in the scaling regime, and from experimental val-
ues in YBCO, the temperature derivative d(∆B)/dT =
∆(∂B/∂T )H + (dHm/dT )∆(∂B/∂H)T is negative but
the jump ∆(∂B/∂T )H is positive and therefore smaller
in magnitude than (dHm/dT )∆(∂B/∂H)T .
We now determine whether the jump in the heat ca-
pacity at constant H , as measured in experiments on
YBCO, may be approximated by the jump in heat ca-
pacity at constant B, which was calculated in Section II.
As in our earlier consideration of the entropy jump, we
must include the change in B at a constant H transi-
tion as well as the finite temperature width of a con-
stant B transition. However, there is an extra differ-
ence in that, while the entropy is a function of state,
S(H,T ) = S[B(H,T ), T ], the heat capacity is defined
differently for changes at constant B or at constant H ,
cH = T
(
∂s
∂T
)
H
= T
(
∂s
∂T
)
B
+ T
(
∂B
∂T
)
H
(
∂s
∂B
)
T
= cB +
T
4π
(
∂H
∂B
)
T
(
∂B
∂T
)2
H
, (24)
where the last line again uses the Maxwell relation (16).
With the same reasoning that lead to (15) and using the
notation defined as Fig. 5 we have,
∆cH |B = ∆cH |H −
(
∂cfH
∂B
)
T
∆B|H +
(
∂cfH
∂T
)
B
∆T |B.
(25)
We can also find the jump in the difference (cH − cB)
from (24) by expanding to first order in the jumps,
∆(cH − cB)|B ≈ T
4π
[
−
(
∂B
∂T
)2
H
∆
(
∂B
∂H
)
T
+ (26)
+ 2
(
∂H
∂B
)
T
(
∂B
∂T
)
H
∆
(
∂B
∂T
)
H
]
.
Our previous results show that the first term on the RHS
is negative, while the second term is positive. Although
the total cH − cB is rigorously positive for thermody-
namic stability, the change in this quantity may be of
either sign. Combining this equation (26) with (25) gives
∆cB|B = ∆cH |H +
(
∂cfH
∂T
)
B
∆T |B −
(
∂cfH
∂B
)
T
∆B|H +
+
T
4π
(
∂B
∂T
)2
H
∆
(
∂B
∂H
)
T
−
−2T
4π
(
∂H
∂B
)
T
(
∂B
∂T
)
H
∆
(
∂B
∂T
)
H
. (27)
We can group the corrections to ∆cB|B into two con-
tributions. The first correction term in (27) can be
ignored compared to the total specific heat jump if
(∂cfH/∂T )∆T |B ≪ ∆cB. After some manipulations with
the Clausius Clapeyron relation it may be written as(
∂cfB
∂T
)
B
∆s≪ 1
4π
(
dBm
dT
)2
∆cB, (28)
which we find to be satisfied in the scaling regime from
the simulation results. A second condition is found from
the three remaining correction terms in (27) after drop-
ping the term∝ ∆T |B. Setting (∂H/∂B)T = 1 and using
the identity (∂cH/∂B)T = −T (∂H/∂B)T (∂2B/∂T 2)H
[which also arises from the Maxwell relation (16)], gives
∆cH |H −∆cB |B= −T
4π
[
−2
(
∂B
∂T
)
H
∆
(
∂B
∂T
)
H
+ (29)
+
(
∂B
∂T
)2
H
∆
(
∂B
∂H
)
T
+
(
∂2B
∂T 2
)
H
∆B
]
.
A direct comparison of this equation with the differen-
tiated Clausius-Clapeyron relation (22) shows that we
can take ∆cH |H ≈ ∆cB|B as long as |dHm/dT | ≫
(∂B/∂T )H, which is the same condition we found for
comparing the entropy jump at constant H versus con-
stant B, and which is valid as long as Hm ≫ Hc1. There-
fore, our calculation of ∆cB at constant B is justified in
the application to vortex lattice melting in YBCO.
IV. DIFFERENT FIELD ANGLES
In Ref. 4 the heat capacity in YBCO was measured
both with the magnetic field parallel to the c-axis, H ‖ c,
and parallel to the superconducting layers, H ⊥ c. More
recent experiments have been performed for a range of
angles between these two limits.7 In the scaling regime,
the effects of rotating the field may be simply understood
using the anisotropic scaling rules of Blatter, Geshken-
bein, and Larkin.19 The basis of these scaling rules is that
the anisotropic system can be transformed to an isotropic
one by scaling the lengths along the c-axis. For a mag-
netic field enclosing an angle θ with the c-axis, a given
quantity Q then follows the scaling law
Q(θ,H, T, λab, ε) = sQQ˜(εθH,T/ε, λ), (30)
7
where Q˜ is the corresponding quantity in the isotropic su-
perconductor (with λ = λab), and ε
2
θ = ε
2 sin2 θ+ cos2 θ.
The factor sQ depends on the quantity Q. For the scalar
quantities volume and energy it is independent of the
angle, sQ = ε, but for magnetic fields it is equal to
sB = 1/εθ.
An initial consequence of (30) is that, at a fixed tem-
perature, the magnetic field at which the system has the
same physics scales as HX(θ) = H˜X/εθ. This implies
that the melting line is raised to higher fields as the an-
gle θ is increased,
Hm(T, θ) = Hm(T, 0)/εθ. (31)
The same scaling form applies to the upper critical field
Hc2(T, θ). These fields are lower forH ‖ c than forH ⊥ c
by a factor ε. Furthermore, if we take the quantity Q in
(30) to be the energy, entropy or heat capacity of a fixed
volume (e.g. the volume of the crystal) then after scaling
the magnetic field as in (31) this quantity will be inde-
pendent of the angle θ. Therefore, if we write the entropy
jump as a function of melting temperature, ∆s(T, θ), the
following relation holds,
∆s[Tm(H, θ), θ] = ∆s[Tm(εθH, 0), 0]. (32)
We can also replace s by c in this equation. Therefore the
measured jumps in the specific heat and in the entropy
per molar volume, when plotted against the melting tem-
perature, will be identical for the different angles. This
prediction is fulfilled to within experimental error in re-
cent measurements by Schilling.7
To understand this result in more detail, we now
consider the results for the jumps (4) and (12). No-
tice that both of these results are of the form ∆X =
f(T/Tc, B/Bc2)V/Vedf . The scaling rule (30) tells us
that at fixed T , the reduced variables t = T/Tc and
b = Bm/Bc2 at melting are independent of θ. We there-
fore concentrate on the angular dependence of Vedf . In
the isotropic system, V˜edf = a˜
3
0. However, the three per-
pendicular dimensions of Vedf will scale differently with
θ. If the field lies in the y-z plane then ledfx = l˜ = a˜0,
whereas the lengths in the plane of rotation scale as,8
ledfl =
ε
εθ
l˜, ll ‖ B,
ledft = εθ l˜, lt ⊥ B. (33)
Therefore, at fixed temperature, but scaling the magnetic
field as in Eq. (31), we find that the volume per degree
of freedom stays constant,
Vedf(Tm, θ) = l
edf
x l
edf
t l
edf
l = εl˜
3 = εa˜30 = εa0
3|θ=0. (34)
So we see that it is because the volume per vortex de-
gree of freedom is independent of θ at the melting field
of a fixed temperature that ∆s(T ) and ∆c(T ) are also
independent of θ.
We now consider the case of fixing the magnetic field,
and comparing the jumps at different melting tempera-
tures as the angle of the field is rotated. In this case, the
field scales to a different value, H˜ = εθH , in the isotropic
system for different values of θ. The melting temperature
is,
Tm(H, θ) = εT˜m(εθH). (35)
This equation differs from (31) in that we need to know
the full melting curve in the isotropic case to find the
angular dependence of the melting temperature. Sim-
ilarly, to determine the angular dependence of the en-
tropy jump as a function of H from (32), we need to
know the full function ∆s(T, θ = 0) and the melting
curve Tm(H, θ = 0). However, in the case of no Bc2 cor-
rections we have an analytic form for the melting curve,
Bm(T, θ) ∝ (1 − t2)2/εθ, and in this limit we can find
the angular scaling at the same values of H . When we
stay on the melting line at the same Hm, the volume
Vedf(θ) = εV˜edf scales as
Vedf(Hm, θ) = ε
−3/2
θ Vedf(Hm, 0) ≈ ε
(
Φ0
Bmεθ
)3/2
. (36)
If the jump in the entropy and the heat capacity were
constant per vortex degree of freedom then this equa-
tion implies that the jumps would scale proportional to
ε
3/2
θ , as is stated in Ref. 4. However, we showed in Sec-
tion II that the temperature dependence of ε0(T ) gives
a non-trivial temperature dependence to the jumps per
vortex degree of freedom. In the limiting case of no
Bc2 corrections, the jump in entropy density is ∆s ∝
(1/Vedf)(1 − t2)−1 ∝ Bmεθ and the jump in heat capac-
ity is ∆c ∝ (1/Vedf)(1 − t2)−2 ∝ (Bmεθ)1/2. This leads
to the angular scaling
∆s(H, θ) = ∆s(H, 0)εθ
∆c(H, θ) = ∆c(H, 0)ε
1/2
θ . (37)
For the general case when Bc2 corrections are included,
there is no such simple form. However, the more gen-
eral angular scaling of the jumps (32) still holds and it
is straightforward to find ∆s(H, θ) and ∆c(H, θ) numer-
ically.
V. CONCLUSIONS
We have not in this paper considered the case of the
strongly layered high-Tc superconductors such as BiS-
CCO, where the low melting field Bm < Φ0/λ
2 means
that the scaling form of (2) does not apply. Still, in Ref. 1,
we successfully determined the magnetization jump in
BiSCCO using dimensional estimates, together with a
Lindemann analysis of the melting line. The reason this
works, while simple estimates for the entropy jump do
not, is that the induction is a derivative of the Gibbs free
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energy with respect to H (rather than T as for the en-
tropy) and the H dependence of the vortex parameters
is much weaker than the T dependence. The entropy
jump for BiSCCO could then be found by combining our
result for ∆B with the melting line and the Clausius–
Clapeyron relation (13). It is not possible to simply fol-
low this procedure to find ∆c using the relation (22), as
the simple estimates will be incorrect for ∆(∂B/∂T )H .
It is also interesting to consider whether the conditions
for the calorimetric jumps to be the same in a constant B
system and in a constant H system, derived in Sec. III,
hold at these low fields. The melting field in BiSCCO is
of the order of the bulk lower critical field Hc1, which is
also the size of the magnetization: Hm ∼ Hc1 ∼ 4πM .
Therefore the slopes dHm/dT and (∂B/∂T )H will be of
a similar size so that the condition (18) is not fulfilled
and the RHS of (29) is not small. In experimental mea-
surements on BiSCCO (at constant H) there will be a
significant contribution to the entropy and specific heat
jumps that is not present in a system of fixed flux density
B.
To summarize, we have calculated the specific heat
jump at the melting transition of the vortex lattice for
YBCO, using the scaling form of the London model at
high fields and numerical results from recent simulations.
We find a jump with the same magnitude as the measured
experimental values. We have used analogous relations
to the Clausius–Clapeyron equation to find the jumps in
the magnetization slopes, and these are also consistent
with measured values for YBCO. A careful analysis was
made to make sure that the jumps in the entropy and in
the specific heat are the same for a system at constant
B and at constant H . We have constructed the relevant
conditions and have verified that they are satisfied at the
vortex–lattice melting line in YBCO. We have analyzed
the changes to the jumps when the field angle is rotated
with respect to the crystal and thereby explain the re-
cently measured angular scaling of the entropy and spe-
cific heat jumps in YBCO.7 In conclusion, we find that
the London model with temperature and field dependent
parameters gives a consistent picture of the first–order
transition observed in YBCO.20
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